Journal of Statistical Physics, Vol. 39, Nos. 3/4, 1985

Surface Correlations in a Quantum
Mechanical One-Component Plasma
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The time-dependent pair correlation function of a quantum mechanical one-
component plasma bounded by a plane hard wall is studied near that wall.
Along the wall, this function has an algebraic asymptotic form: it decays only as
the inverse cube (square) of the distance for a three (two)-dimensional system
(the case of fermions at zero temperature is excluded from the present study).
The amplitude of the asymptotic form obeys a universal sum rule. Similar
results hold at the plane interface between two different one-component
plasmas.
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1. INTRODUCTION

The static correlations between charged particles in classical Coulomb
fluids have recently attracted renewed theoretical attention, "> especially
as far as surface properties are concerned. For classical Coulomb fluids
confined in a half-space by a plane hard wall, it is now clear that the static
charge correlations near the wall decay in general only as a power law in
directions parallel to the wall; this is in contrast with the decay faster than
any power law which occurs in the bulk fluid at least in all cases for which
the answer is known. A variety of sum rules obeyed by the correlation
functions have been derived both for bulk and semi-infinite fluids.

An extension of some of the above results to time-dependent and
quantum effects in a one-component plasma (jellium) is feasible. In the
bulk, the classical Stillinger-Lovett sum rules,® which give the zeroth and

! Laboratoire de Physique Théorique et Hautes Energies, Université de Paris-Sud, 91405
Orsay, France. (This laboratory is associated with the Centre National de la Recherche
Scientifique ).

427
0022-4715/85/0500-0427804.50/0 © 1985 Plenum Publishing Corporation

822/39/3-4-11



428 Jancovici

second moment of the static pair correlation function, or equivalently the
long-wavelength behavior of the structure factor,!” have a time-dependent
and quantum mechanical counterpart.®® The present paper deals with the
pair correlation function of a semi-infinite one-component plasma, for
which the previously obtained classical results® will be extended to time-
dependent and quantum mechanical phenomena. It will be shown that
(except perhaps in the case of fermions at zero temperature) near the wall
which confines the semi-infinite plasma, in directions parallel to that wall,
the two-body correlation function still decays in general as a power law,
i.e., as the inverse cube (square) of the distance, for a three (two)-dimen-
sional system, that the amplitude of this asymptotic form oscillates in time
with two characteristic frequencies, and that it obeys a sum rule.

Most of the static classical results are valid for plasmas with an
arbitrary number of components. In dealing with time-dependent and
quantum mechanical effects, only the one-component plasma will be con-
sidered. This is because the dynamical properties (which are not indepen-
dent of the static properties for a quantum system) have a special feature
for the one-component plasma: there is no viscous damping of the long-
wavelength plasma oscillations; it will be seen that this absence of damping
is an essential ingredient of the argument.

Our results are stated in Section 2. In the classical case, the asymptotic
form of the static charge correlation function along a wall had been
studied® by a linear response argument; this argument will be generalized
to the present case in Section 3. An alternative and perhaps physically
more transparent argument in terms of long-wavelength collective modes
will be presented in Section 4. Another, related, problem, the form of the
correlations at the interface between two one-component plasmas will be
treated in Section 5.

2. RESULTS

We consider a three-dimensional one-component plasma (it will be
straightforward to adapt the results to the two-dimensional case; see the
end of this section). This is a system of particles of charge e, mass m, and
bulk number density n, embedded in a neutralizing uniform background of
charge density —en; furthermore, the background is assumed to have a
dielectric constant . Thus the interaction potential between two particles at
a distance r from each other is e?/er. The system is a semi-infinite one, con-
fined to the half-space x >0; we call y the coordinates normal to x. We
assume the half-space x <0 to be filled with a material described by a
dielectric constant &,.. In addition, the plane x =0 may carry some fixed
uniform surface charge density.
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The system is in equilibrium; the inverse temperature is f. Let the
microscopic charge density at the point (x, y) be

Clx, y) =€), 8(x—x;) (y —y;) —en 2.1

where (x;,y;) are the coordinates of particle i The canonical average
charge density is

cMx, y)={(Clx, ¥} (22)
although ¢’ (x, y) vanishes far away from the wall, it may differ from zero

near the wall. We also introduce a time-dependent microscopic charge den-
sity by the Heisenberg operator

C(x,y; t)=exp(iHt/h) C(x, y) exp(—iHt/h) (2.3)

where H is the Hamiltonian and # is Planck’s constant divided by 2% The
time-dependent charge correlation function is defined by

P, X, [y =yl ) =<Clx, y; 1) C(x', ¥50)) —cM(x, y) ¢ Dx',y')  (24)

its time Fourier transform is

1 oo
x|y =yl ) =5=] drexplion cP(x x, Iy =yl 1) (25)

In the following, it will be argued that (except perhaps for fermions at
zero temperature) near the wall ¢(x, x', |y’ —y|; w) has an algebraic
decay when |y’ —y| becomes large for fixed values of x and x'. More
precisely,

a(x, x'; ®)

D, X, Iy —y]; )~ L2 X D)
. Y Yy =y

when |y — y| - o (2.6)

where a(x, x'; w) is a function which has a fast decay as x or x’ increases
and which obeys the sum rule

f: dx’ j:o dx a(x, x"; @)

" (4n)? { (&4 &w) fio, [1 —exp(—pho,) 1- exp(ﬁhwo]
dw—w,) Mo+ ow,)
+ ey [1 “exp(—phoy,) 1= eXp(ﬂﬁpwp):l } @7



430 Jancovici

where @, and o, are the bulk and surface plasma frequencies:

drne®\ 2 dane? 12
w.ﬂ = ( il ) s W= [—ﬂe_’jn_] (28)

em (e+ey)

By integration upon w, one gets the static result

flx, x")
ly' —y]*

cP(x, x|y —yl; t=0)~ when [y ~y| -0  (29)

where

jw dx’ Jw dx f(x, X')

0 0

= (—47%—? [ — (e +&p) hoctoh(fho/2) + eho,ctnh(fhw,/2)]  (2.10)

In the classical limit # — 0, one finds

LOO dx’ LOO dx a(x, x'; w) =f4_7zlﬁ {—(e+en)o(w—w,)+dw+ )]

+e[dlo—w,)+d(w+w,)]} (2.11)
and one recovers'®
o0 L (® N 28W
L dx L dx (5 ¥) =~ (2.12)

For a two-dimensional one-component plasma, with an interaction
potential —(e?/e)In r, one finds similar results; however, |y’ —y| > has to
be replaced by |y’ —y| = in (2.6) and (2.9), the plasma frequencies (2.8)
have a factor 27 instead of 47, and (4n) 2 must be replaced by (27) 2 in
(2.7), (2.10), (2.11), and (2.12).

3. LINEAR RESPONSE DERIVATION

We derive the results in Section 2 by a time-dependent and quantum
mechanical generalization of the static classical linear response argument of
Ref. 3.

We introduce on the wall x =0 an external surface charge density® of

2 As usual, the actual physical quantity is the real part of the complex expression.
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the form o exp(iq -y — iwt), where q is a two-dimensional vector parallel to
the wall; this charge creates an electrostatic potential

4o
X, y; 1) =-———¢exp(iq -y — q |x| — iwt) (3.1)
P(x, y; 1) cTen)a
and therefore is coupled to the microscopic charge density (2.1) by the
coupling Hamiltonian aV exp(—iwt) with

4n o0
Ve=—— | dy | dx iq-y —gx') C(x', y' 3.2
(HEW)qf yfo x"exp(iq-y —gx') C(x',y') (3.2)

We look at the linear response of the operator
Aly)=] " Clxy) dx (3.3)

assuming that o has a small positive imaginary part which ensures that the
coupling is introduced adiabatically. To first order in «, the presence of the
coupling Hamiltonian changes the average value® of A(y) at time 7 by an
amount

0A(y: 1) = ax(q; ») exp(iq - y — iwor) (34)

The response function x(g; w) is related by the fluctuation-dissipation
theorem"® to the correlation between A and ¥ computed for the non-
coupled system (a=0):

17 drexp—ia-y o0 <A 1) VD~ CA)<)

__k —_—1 ; 3.5

= 2T Zexp(— fio) m x(q; w) (3.5)

We now use (3.5) in the long-wavelength limit ¢ — 0 where we know
x(¢; ). In this limit, indeed, the response is given by macroscopic con-
siderations. The external surface charge density induces in the plasma a
charge density localized near the surface, and, in the macroscopic limit
g~ 0, dA(y; t) can be viewed as an induced surface charge density; thus the
total surface charge density is (1 + y) o exp(iq -y — iwt). Correspondingly,
the total potential is

4o e .
¢m=(1+x)mexmlq y—q lx| —iwt) (3.6)

*If the wall also carries a fixed uniform surface charge density —a,, it is screened by A(y).
When a=0, {A(y)) =o,.
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The current density induced by that potential is

ne?

J= _lm—w'v¢tot (37)

On the wall x=0, j, and 04 are related by the charge conservation
equation

w04 =] |xz0 (38)

Combining these equations, we obtain

o;
X'—wz_wz (39)

5

where w, is defined by (2.8); w, is indeed the resonance frequency of surface
waves, the surface plasmons.
Since w has a small positive imaginary part,

Tmy= —%)ﬁ [6(w— @) — d(w +,)] (3.10)
Using (3.10) in (3.5), we find

[ dy expliq- (v —y)1 [ dx’exp(—gx) | " dv e, ' v~y 0)

£+ &y dw—w,) # Mo+ wy)
Y w:[1~exp(—ﬂhws) 1 —exp(ffiw,)

]q, wheng—0
(3.11)

Equation (3.11) is a sum rule which might be of some interest by itself.
However, it is also possible to transform it into another form which no
longer contains the factor exp(—gx’). For this purpose, we use the known
long-wavelength form of the bulk structure factor,® which can be written
as

Iim .[dy’ expliq-(y' —y)] LOO dx ¢P(x, x', |y —yl; 0)

x =

€ { ow—w,) 0w+ w,)

. _ 2
1—exp(—phw,) 1 —exp(ﬁhwp):| g  Wwheng—0

&n @r
(3.12)



Surface Correlations in a Quantum Mechanical One-Component Plasma 433
where @, is the bulk plasma frequency defined by (2.8). Multiplying both

sides of (3.12) by & exp(—gx') dx'=1/q and substracting it from (3.11),
we obtain

fdy’eXp[iq-(y'—y)]fo dx’exp(—qX’)Uo dx ¢P(x, x', |y —yl; 0)

— lim JOO dx ¢@(x, x', |y —yl; 60)]

etew, Sw—w) o+t o,) ]
N{ 8 ms[l—exp(—/%ws) 1 —exp(fiiw,)

£ o(w—w,) d(w+w,) .
*_ﬁi—nhw”[l—exp(—/ihw,,)_l—exp(ﬁhwp)]}q’ when ¢ ~0

(3.13)

Finally, since the last square bracket in the left-hand side of (3.13) goes
rapidly to zero as x’ increases, in the small-g limit we can erase the factor
exp{—gx’). Thus, the left-hand side of (3.13) is just a two-dimensional
Fourier transform with respect to y' —y, and (3.13) states that it behaves
like |q| for small g. Since the inverse Fourier transform"? of |q| is
—1/2n [y’ —y|*, if the left-hand side of (3.13) has no other singularity on
the g real axis one obtains

0

foo dx’ l:f:’ dx C(T2)(X, X, Iy —yl; o) -Xlimoo J-Oac dx C(ﬁ)(x, X, 1Y~y Q))J

~—1—{—(£+8W)hws{

o —w,) o+ w,)
(4n)? ]

1—exp(—phe,) 1 —exp(Pho,)

(o—w,) B dw+aw,) ]} 1
I —exp(—phiw,) 1—exp(phiw,)]) Iy’ —y|>
when |y’ — y| » (3.14)

+ shwp[

Assuming that no subtle cancellations occur when the asymptotic form of
cPx, x', |y —yl; w) is integrated upon x and x’, we infer from (3.14) that
this asymptotic form is (2.6). Assuming also that the bulk term in the left-
hand side of (3.14) has a faster decay, and does not contribute to the
asymptotic form, we can rewrite (3.14) as the sum rule (2.7).

It should be noted that (3.11) and (3.13) remain valid in the zero-tem-
perature limit. Actually, by integrating (3.13) [with the factor exp(—gx’)
erased | upon w, one recovers at zero temperature an equation previously
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derived by Langreth and Perdew.'® However, at zero temperature, for fer-
mions, one expects some singularity related to the existence of a sharp
Fermi surface. For instance, one knows that the bulk static response
function x(g, 0) is singular at ¢ =2f (where f is the Fermi wave number);
this singularity gives rise to the well-known Friedel oscillations.®* In our
surface problem, we may also expect singularities for other values of g than
g =0, and therefore the asymptotic behavior of ¢{(x, x’, |y’ —y|; w) might
be not as simple as (2.6). This is why we exclude the case of fermions at
zero temperature.

Finally, let us note that the simple form (3.9) for the response function
in the limit ¢ — 0 is valid for a one-component plasma but not for a many-
component one. For a many-component plasma, the different components
will not oscillate in phase with one another, and the oscillation will be
damped by the mutual friction of the different components. The resonance
at w, (and the one at w, for the bulk plasmons) will be both broadened
and displaced in a nonuniversal way, and the simple equation (2.7) will no
longer be valid.

4. COLLECTIVE MODE FLUCTUATIONS

We now present an alternative argument, which is essentially
equivalent to the previous one, but instead of using the linear response
approach, we directly look at the fluctuations of the collective modes. The
behavior of the correlations is governed by the long-wavelength collective
modes, which can be studied macroscopically. The correlations near the
wall will be ascribed to those modes which involve the surface density.
Indeed, from a macroscopic point of view, the total charge at time ¢ can be
separated into a volume charge density p(x, y; ¢) and a surface charge den-
sity o(y; t); the microscopic charge density (2.1) can be replaced by an
expression of the form p(x, y; 1) + 6(x) o(y; t), which can in turn be expan-
ded as a superposition of collective modes. These modes are of two dif-
ferent types: surface plasmons and volume plasmons. We shall first describe
them classically, and quantize then afterwards.

4.1. Surface Plasmons

A surface plasmon is defined as a mode for which the volume charge
density p vanishes. There is only a surface charge density, which we choose
of the form

o(y; 1) =o4(t) expliqy) + o _4(1) exp(—iq-y) (4.1)
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Reality requires 0 = o¥. This surface charge density creates a potential

q

4
b(x, v; 1) =o(y; t)BHLW)qexpeq 1x]) (4.2)

which induces a current density j(x, y; 7) obeying

dj e’n

—=——YV 4.3

ot m ¢ (43)
charge conservation on the plane x =0 requires

do

(0, y;1)=0 44
at+JX( 7y’l) ( )

Combining these equations, we easily find that the motion of o,(1) is
described by a harmonic oscillator Hamiltonian

47 1 .2 5
AL 45
. A(8+£W)q[wzia.,x +|oq|] (45)

s

where 4 is the area of the wall, and the frequency o, is given by (2.8).

4.2. Volume Plasmons in a Half-Space

We now consider the volume plasmons, which are the modes for
which the volume charge density p does not vanish. Combining Poisson’s
equation

4¢= —(4n/e) p (4.6)
with current conservation
%g—kdivjzo (4.7)

and the mechanical equation (4.3), we find that p obeys an harmonic
oscillator equation with the bulk plasma frequency @, given by (2.8). For
the present half-space problem, there is an important additional feature: a
surface charge density o must appear on the wall x=0, in order that (4.4)
be satisfied. From (4.3) and (4.4), which are also valid for the present
mode, we find

—&— =4no (4.8)
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Since —e0¢/0x has to jump by 4ne across the plane x =0, it vanishes for
x=0", and we can choose ¢ =0 for x <0.
Thus we look for a volume charge density of the form

p(x,¥; 1) = [pqglt) expliq-y) + p_ q(2) exp(—iq-y)] sinkx  (4.9)

(where p_ 4, = pa) to which is associated a potential

4x
¢=————8(qz+k2)p (4.10)

obeying (4.6) and a surface charge density

k
aly; )= e [pqi(?) explig-y) + p _ qi(t) exp(—iq-y)] (4.11)

obeying (4.8). All these quantities oscillate at the frequency w,, and their
motion is found to be decribed by the harmonic oscillator Hamiltonian

2n

H,=AL——
qk 8(q2+k2)

.
| o+ boal?| (4.12)
wﬂ
where A is again the area of the wall and L the length of the system in the
x direction.

4.3. Thermal Averages

It is easy to show that the surface and volume waves are independent
from one another for different values of the wave vectors (except for the
fact that a given wave involves both q and —q), ie., that for a super-
position of waves the total Hamiltonian is just a sum of terms of the forms
(4.5) and (4.12). Each wave behaves like a two-dimensional independent
harmonic oscillator (the oscillator is two-dimensional because o, and pg
are complex quantities, the real and imaginary parts of which are indepen-
dent variables). These collective variables can be approximately considered
as canonical “position” variables.'”) Quantizing them, we find the nonzero
thermal averages to be

" _l(e+ewlg exp (—iw,1)  explio,!)
<U“(t)a"(o»—A 8r s]:l—exp(—ﬁha)s) l—exp(ﬂhws)}
(4.13)
and
. _Ls(q2+k2) exp(—iw, 1) exp(iw, 1)
o) pau(0)) = Zr = oo, [1 —exp(— phw,) 1 —exp(ﬁhwp)]

(4.14)
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4.4. Charge Correlations

An arbitrary charge fluctuation can be expanded on the basis of the
surface* and volume modes:

p(x,y; 1) =) pailt) exp(ig - y) sin kx (4.15)
qk

o0(65)= | o) =% o) | exptiny) (419

The sums upon q and & in (4.15) and (4.16) can be replaced in the
usual way by 4 | dq/(2n)* and L {§ dk/z. Using the independence of the
different modes, we find the correlation functions

w dk
ot 35) s, 12003 = AL [ 85 [ Lexplia- (v -y)]
x sin kx sin kx'{p () pd.(0)> (4.17)

dq

= dk
(o 1)90(y'5 00y = —AL [ o | " —explig: (v =]

wsin ks a1 (0> (418)

Cooty: 1) a(y's0)) = [ s explia- (=31 { Coy(0)93(0)>

o dk kz
fo T (K (pal?) p;‘k(0)>} (4.19)

where {pg,(?) p¥(0)> and {o,(¢) a¥(0)) are given by (4.14) and (4.13) for
small values of ¢ and k (what happens for larger values of g and k cannot
be inferred from the present macroscopic analysis, but we expect that we
can account for it by assuming that these correlation functions as functions
of g and k decay fast enough for making the integrals convergent at
infinity, or equivalently that we can introduce some upper cutoffs in ¢ and
k at some inverse microscopic length). Thus, the correlation functions
{4.17), (4.18), (4.19) appear as Fourier transforms and their behavior at

* We use the notation do rather than o for the surface charge density fluctuation for emphasiz-
ing that ¢ = dg + o, has a static part o, if the wall carries a static external charge —oy.
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large separations is governed by the behavior at the origin in wave-number
space (we exclude the case of fermions at zero temperature).

In the volume correlations (4.17) and the volume-surface
correlations (4.18), the integrands are regular at the origin, and these
correlation functions will have a faster than algebraic decay as (x,y)
recedes in any direction. Furthermore, one can check that (4.17) goes to
the correct bulk form far away from the wall. Indeed, since

sin kx sin kx’ = [cos k(x" — x) —cos k(x" + x)] (4.20)

and since the contribution from cos k(x’ + x) goes to zero as x’+ x — oo (a
general property of Fourier transforms), using the symmetries one is left
with

dq dk
(plx, y; 1) p(x' Y 0)>~f (gn)s

xexpliq- (y—y)+ik(x—x)] S((¢* + k)% 1) 2(421)

where the bulk time-dependent structure factor

SW(g? + k%)% 1) = AL pai(t) p3(0)) (4.22)

has from (4.14) the known® small wave-number behavior equivalent to
(3.12); in the static classical limit =0, #=0, (4.22) takes the perhaps more
familiar form

N(Ch +k2)”2)— (¢ + k%) (4.23)

4nfs

which is equivalent to the Stillinger—Lovett rules.®

In the surface correlations (4.19), however, the integrand is singular at
g=0. On one hand, {c,(t)c}(0)) behaves like |q|, from (4.13). On the
other hand, the integral upon k also is singular like |q|: using (4.14) in
(4.19), and introducing some upper cutoff K, one has to compute

K k? n 5
jo dh =K =54+ 0@) (4.24)

Altogether, (4.19) is of the form

dq
COoly: 1) d0(y50)) = [ i explia- (=) Islas0)  (425)
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where, for small g, s(g; ¢) has a cusplike singularity

8+8Wh exp(—iw,i) expliw, 1) ]_i [ exp(—iw,1)
{Sn ws[l~exp(—[)’ha)s)_1—exp([)’ﬁws) 87 7| 1—exp(— pha,)

exp(iw,t)
1 exp(/fhwp)}} 1

The space and time Fourier transform of this gives the asymptotic behavior
in space

f —Cﬁ expliwt){da(y; t) da(y’; 0))
2n

~—i—{—(e+aw)hws[l

o(w—wy) o(w+ wy) ]
(4n)?

—exp(—pha,)  1—exp(fho,)

+shw[ ow-w,)  dHoto,) ]} 1
"L1—exp(~phw,) 1—exp(pliw,) ] Iy —y|?

when |y’ —y| — (4.26)

Coming back now to the microscopic point of view, in which only
volume charge densities are defined (the distribution ¢d(x) is actually
smeared on some microscopic distance in the x direction), we can interpret
(4.26) [and the fast decay of (4.17) and (4.18)] by assuming that the
correlation function (2.5) has a algebraically decaying part, localized near
the wall, of the form {2.6). The macroscopic expression (4.26) must be iden-
tified with the integral upon x and x’ of the microscopic expression (2.6),
and therefore the sum rule (2.7) follows from (4.26).

It should be emphasized that the volume plasmons do contribute to
the surface charge density fluctuations, and this is the physical reason for
which the bulk plasma frequency w, appears in (2.7).

5. INTERFACE BETWEEN TWO ONE-COMPONENT PLASMAS

The above results and derivations can be easily extended to the plane
interface between two one-component plasmas. The interface is chosen as
the plane x =0. The region x <0 (x> 0) is a one-component plasma made
of particles of charge e, (e,), mass m, (m,), and bulk number density
n, (n,), embedded in a neutralizing background of charge density
—e n, (—eyn,) and dielectric constant &, (s,). The plane x=0 must be
assumed impermeable to the particles if they are different on each side; it

§22/39/3-4-12
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may be permeable or impermeable if the particles are identical on both
sides.

In the bulk of each plasma, volume plasmons have the frequencies
w, = (4nn,e3fe;m)? and w,= (4nn,e3fe,m,)"?, respectively. Along the
interface, ') there are surface plasmons with a frequency

ws:[ 475 (”Ie%+n2e%)]l/2 (5'1)
g1 t+e\ my m,

Instead of (3.11), one now finds the sum rule

[av explig- (v )1 | axexp(—q|x) [ dx e x, Iy =yl o)

e+ e oo~ wy) oo + w,)
~ - h 0 .
&7 S[l—exp(—ﬁhws) Cep(fioy | “hena=0 (52)
Again, one can get rid of the factor exp(-—g |x'|) by combining (5.2) with
bulk terms. Except perhaps for fermions at zerc temperature, one finds
again an algebraic asymptotic behavior of the form (2.6), where now,
however,

ff dx joo dx' a(x, x'; w)

6(w — wy) Mo+ w,) :I

‘W{‘(“ @) ws[l—exp(—ﬁhws) 1 — cxp(Bhics,)

: A [ Ho—w) oo+ o) :l
TR | T exp(— phoy) 1 —exp(Bher)

o(w— w,) 0w + w,) ]}
_ 53
+ o, [1 Zoxp(—Pis) 1= exp(Bhers) 3)
Yet, in the classical limit =0,
Jw do jw dxjw dx' a(x, x'; ) =0 (5.4)

This is in agreement with the conjecture that, for classical systems, the
static correlation function ¢¥ (x, x', |y’ —yl;#=0) has a faster than
algebraic decay in every direction near the interface of two conducting
media.(***>19) Apparently, at such an interface, the presence of conducting
material everywhere makes the static screening of a given particle efficient
enough for the screening cloud to have a fast decay; but the existence of
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several different resonance frequencies near the interface makes the
dynamical screening less efficient, causing an algebraic spatial decay (for a
quantum system, even the static screening is spoilt, because the dynamics
and the statics cannot be separated).

CONCLUSION

The charge correlations along a wall or an interface have a rather
general asymptotic behavior as the inverse cube (square) of the distance for
a three (two)-dimensional system. The basic mechanism is that the
spherical symmetry, which exists around a point charge in the bulk, is
broken near a wall or interface, and a dipole moment appears. The inverse
cube (square) law is essentially a dipole-dipole interaction.”’” The univer-
sal sum rule which has been obtained for large distances is a consequence
of the validity of macroscopic electrostatics and hydrodynamics for large-
scale phenomena in jellium.
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